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Evolution equations and conservation laws are derived for a quite general layered
quasi-geostrophic model: with arbitrary thickness and stratification structure and
with either a free or a rigid (including the possibility of topography) boundary
condition, at the top and bottom. The system is shown to be Hamiltonian, and
Arnol’d stability conditions are derived, in the sense of both the first and second
theorem, i.c. for pscudowestward and pseudoeastward basic flows, respectively, and
for arbitrary perturbations of potential vorticity and Kelvin eirculations.

Two examples of parallel basic flow in a channel are analysed: the sine profile in
the so-called equivalent barotropic model (one layer with a free boundary) and Phillips’
problem (uniform flow in each of two layers with rigid boundaries). Using the second
theorem with the optimum combination of pseudoenergy and pseudomomentum it
is shown that, in both cases, the basic state is nonlinearly stable if the channel width
L is small enough, namely, AL < © and 2(f,L/x)? < ¢'(H, H,)}, respectively. (In the
first problem, A is thc wavenumber of the sine profile; in the second one, g’ is
the reduced gravity, 11, and H, are the layer thicknesses, and f; is the Coriolis
parameter). The stability condition of either problem is found to be also a necessary
one: as soon as it is violated a grave mode becomes unstable. It is shown explicitly
that the second variation of the pseudoenergy and pseudomomentum of a growing
(decaying) normal mode is identically zero, defining the direction of the unstable
(stable) manifold.

1. Introduction

The method of Arnol’d (1965, 1966) is used to derive sufficient stability conditions
of a hydrodynamical problem on the basis of its conservation laws. Although not
indispensable for such a purpose, the Hamiltonian structure of the fully nonlinear
system, if established, is very useful because it clearly spells out the relationship
between symmetries and integrals of motion (Shepherd 1990). Two types of stability
are usually studied: formal — which refers to the existence of an integral of motion
A% with a local extremum in phase space — and nonlinear — related to the existence
of a norm of the perturbation, proved to be bounded by a multiple of its initial value
(Holm et al. 1985; McIntyre & Shepherd 1987).

The orthodox application of Arnol’d’s method can only be done for steady basic
states of quasi-geostrophic models (QGM); in this case, A¥ is the pseudoenergy
A(€ +%,); if the basic state is also parallel, then the most useful Lyapunov functional
is an arbitrary combination of the pseudoenergy and the pseudomomentum
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A+ ), say, AS = AE —all +%,—a®,). Arnol’d’s first (second) theorem cor-
responds to & being a minimum (maximum) at the basic state, i.e. 4% =0 and
2F >0 (62F < 0). (The notation used is standard — but ncvertheless reviewed
below: e.g. A, § and % denote the total, first and second variations of a functional
from its value at the basic state, respectively.)

Both the Hamiltonian formalism and Arnol’d stability conditions (formal and
nonlinear, first and second theorem, and using both pseudoenergy and pseudo-
momentum) have been worked out for the continuously stratified QGM (Holm
1986 ; Swaters 1986 ; McIntyre & Shepherd 1987 ; Shepherd 1989); in all these papers,
the top and bottom boundary are rigid, and might be non-isopycnal (except for the
published proof of Arnol’d’s second theorem). In contrast, for a QGM with several
homogeneous layers, only Arnol’d’s first theorem has been derived (for the case of
equal thicknesses and buoyancy jumps across interfaces, and rigid boundaries), using
the Hamiltonian structure of the system (Holm et al. 1985). Benzi et al. (1982), on the
other hand, derived the first and second theorem for the so-called equivalent
barotropic QGM, which is no more than a one-layer system with a free boundary (top
and/or bottom), in an infinite domain.

The first goal of this paper is to complete the treatment of the case with stepped
density stratification. Section 2 presents the Hamiltonian structure and conservation
laws of a quite general layered QGM, with arbitrary buoyancy jumps and layer
thicknesses, and for both rigid (like Holm et al. 1985) and free (like Benzi ef al. 1982)
top and bottom boundary conditions (the first possibility might include topography).
Arnol’d first and second theorems for this model are derived in §3.

Sufficient stability conditions are, of course, equivalent to necessary instability
criteria. An unstable basic state must violate all possible stability conditions, e.g. in
the case of a steady and parallel basic flow, 0*(& —a# +4,—a%,) (= 62%) must be
sign indefinite for any «. Moreover, A¥ = 0 is the way of escape from the basic state
in phase space, i.e. 2% = 0 indicates the original dircction of the unstable and the
stable manifolds. Two particular examples of unstable flows are discussed: the sine
profile in the equivalent barotropic model (one layer with free surface) in §4, and
Phillips’ problem (two layers with rigid top and bottom boundaries) in §5.

The general conclusions of this work are compared, in §6, with those of primitive
equations models (such as shallow-water equations) and there is a discussion of which
results are common and which are peculiar, and why. Finally, mathematical details
of the proof of Arnol’d’s second theorem and of the normal modes of Phillips’
problem are left for Appendices A and B, respectively.

2. Model equations and conservation laws

In this section, I will first describe a quite general layered quasi-geostrophic
system, including the possibility of an arbitrarily shaped domain, the rigid or free top
and bottom boundaries. (I am using the Boussinesq approximation, but the
equations can be easily changed for their application to the atmosphere.) Next, 1 will
present the Hamiltonian and Poisson bracket which give the evolution equations.
Finally, I will derive the form of the momenta, by making them the gencrators of the
spatial transformations. For a comparison of layecred and ‘level’ models, see
Pedlosky (1979, §6.18).

Consider a system with N homogeneous layers, whose thicknesses at rest (not
necessarily equal) are H;, with j=1,...,N, from top to bottom. In each layer a
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streamfunction ¥(z,y,t) is defined, which determines not only the velocity
components along the = (eastward) and y (northward) directions by

wy=—0,¥;, v;=0,¥; (j=1,...,N), (2.1)

but also the vertical displacement {; of the interface between the jth and (j+ 1)th
layers, by the hydrostatic balance

9% =fW—¥;) (G=1,...N-1) (2.2)

where g; is the buoyancy jump across that interface and the Coriolis parameter

equals f, + fy.
The potential vorticity in a generic layer is

,v,-—ayu,-—,’;—"j<§,._1—§,.>+ﬂy, 2.3)

q; = 0
(j=1,...,N). Evaluation of the potential vorticity fields in the first and last layers
requires knowledge of {, and {, ; these are determined by the ‘horizontal’ boundary
conditions, discussed next. Two choices are possible for each one, a rigid or soft
boundary. In the first case the corresponding ¢ is a given function of horizontal
position, 7(x), which models topographic effects (including, of course, the possibility
7 = 0), whereas in the second one the boundary is free. Namely

& =1(x,y) (a=1), (2.4a)
or golo =fo ¥z, y,t) (a=0), (2.4b)
for the top boundary, and

v =7nlzy) (E=N-1), (2.5a)
or gy =—fo¥n(2,y.t) (£=N), (2.5b)

for the bottom one; the parameters « and £ are here defined for future use.

For example, the system studied by Benzi et al. (1982) correspondstoN= 1,7, =0
and the choices (2.4b) and (2.5a), whereas that discussed in Holm et al. (1985) has
both boundaries rigid, (2.4a) and (2.5a), and the g; and H, independent of j
(otherwise, their equation (4A1l) is incorrect; this corresponds to a uniform
discretization of the case of constant Brunt-Vaisdld profile). The free boundary
conditions (2.4b) and (2.5b) may be formally obtained by making ¢, =0 and
Yns1 =0 in (2.2). However, there is no need for the assumption of passive,
motionless, layers; e.g. the model in Benzi ef al. (1982) may well represent a one-layer
system, with a free surface and vacuum above it.

The Kelvin circulations are defined by yj= §dl +u;, with the integral made along
0D,, which denotes each connected part of the boundary of the horizontal domain D
(e.g. each wall, in the case of a channel). It is possible to show that the state of the
system is fully and uniquely determined, at any time, by g¢;(x), v; and the no-flow
condition in each solid boundary, u;-n=0,x€0D, where n is the outward unit
vector: the y,(x) can be inverted (in some cases, up to the addition of an irrelevant
constant) from that information. To be precise, the volume integral of ¢ equals a
linear combination of the yj, and thus these variables are not strictly independent;
this point will be considered further in the following section; meanwhile, state
variables are taken as ¢ and y.
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The Hamiltonian structure of the problem is evidenced by the existence of a
functional of state # and an appropriate Poisson bracket { .} such that the time

derivative of any functional of state, .&[q,y] = fdzxA z,t), is given by
do/ ) GA

The Hamiltonian and Poisson bracket for this system are

1 N 4
f[q,y]==§fbd2x(2Hj(u]?+v]?)+§] g;.{;}), 2.7

j=1 j=a

where 2 and £ are defined in (2.4) and (2.5), and

(2.8)

e [ a3 g 352 52)
T

dq; &g,

where J3(a,b)=a,b,—a,b, is the Jacobian, and the functional derivatives of any
state functional are defined by

ot
Aq+dq,y+0y]—Hq,y] = EH(Ld%—aqﬁE d71)+0(6q,37) (2.9)

The Poisson bracket (2.8) does have the required properties, among which the harder
to prove (but a crucial one) is the Jacobi identity, namely

UV W BV AW U W U,V =0, (2.10)

for any three admissible functionals of state %, ¥~ and #". McIntyre & Shepherd
(1987) give a detailed derivation of the Jacobi identity for the one-layer problem,
appropriate for readers —like myself - who have not mastered hard core math-
ematics; that derivation yields to a careful definition of an admissible functional of
state and is immediately generalizable to (2.8).

The evolution equations, derived from (2.6), are the following: in the first place
there is constancy of Kelvin circulations, dyj/dt = 0, since {y}, #} = 0 because (?/67
does not enter in the definition of the Poisson bracket (2.8). Secondly, the first
variation of # is

028 = | a5 H 0 ol + 5 A=) 05

J=1

integrating by parts the first term and rearranging the second sum (which amounts
to an integration by parts in the vertical), )¢ /dq; = — ;. On the other hand, it is

5qt(x/)_ A W —
W—B(w x)oy—y) o, H;t, (2.11)

and consequently (2.6) gives
tqz {qz’f} (qza Qﬁi)’ (212)

which is the law of potential vorticity conservation.
Equations (2.1)—(2.8) provide the generalization of those of Holm et al. (1985), for
systems with non-uniform ¢’ and H profiles and/or with free horizontal boundaries. {

+ The formulae in Holm et al. (1985) are not free from typographical errors, since their # and
{.,.} do not yield the correct evolution equations.
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Notice that ZJHJ ...in (2.8) and 8, H;" in (2.11) have the correct limits, fdz... and
d(z—z"), respectively, when the vertically continuous case (with isopycnal horizontal
boundaries) is obtained by making N — 00, H;— 0. (One could, if so desired, dispense
with the H factors in both (2.9) and (2.11) changing H into H™! in (2.8).)

A Casimir % is a functional of state € such that

{«,€} =0, (2.13)

for any admissible functional of state o/ (McIntyre & Shepherd 1987). The Poisson
bracket (2.8) suggests the form

N
“l0.9) = 5( [ aw Bg)+ Sa), 2.14)
where the functions F; and the constants a, are arbitrary. Even though more
complicated expressions can be written, this is general enough for all the applications
in this paper.
The zonal momentum functional .#7 is obtained by making it the generator of the
transformation q,(x,y,t) > q;(x +dx,y,!), in the sense

N
0, o= 8xf d%ZH,?A(aij) = dx{M*, A}, (2.15)
D 4= 7]
which demands 0.#%/8q; =y and an x-symmetric horizontal boundary (so that
—q(64 [/8q), may be replaced by ¢,(62/8¢)). From this equation and (2.11) it is easy
to derive 0,¢; = {-#7,q,}, but this local transformation does not seem to be enough
to determine .#* because it does not constrain the shape of 0D. :
Meridional and angular momenta .#Y and .#° are similarly defined, as the
generators of infinitesimal translations in y and rotations in the (x,y)-plane,
respectively ; their existence requires 0D to be invariant under the corresponding
spatial transformation. More generally, a function & (conserved or not) is said to be
the generator of the infinitesimal transformation d, o= dg{%, &/} +0(0g*),V</ ; the
Hamiltonian is, for instance, the generator of infinitesimal time translations (2.6),
whereas the Casimirs are the generator of no transformation (2.13).
Using 0.#4%/8q, = y in (2.9), choosing 0.#%/dy appropriately, and assuming an
z-symmetric boundary, the explicit form

Mg, y]= Ldzx(jz Hyu, +foy(€N—€o)) (2.16)

is obtained. Notice that the contribution of the Coriolis potential (proportional to f;)
only matters for those cases in which a horizontal boundary is free, option (2.4b)
and/or (2.5b), otherwise that term is trivially time-independent. Unlike the case of
the primitive equations models (PEM), .#% is but linear in the state variables;
consequently 6”.#* = 0 for n > 1.

Existence and conservation of .#* are not equivalent properties: the first (second)

one is related to invariance of the boundary (the Hamiltonian) under x-translations;
indeed

(e, H) = f dtaf, (4, 0, 7o(e) — Yoy Do Tar(2)), @.17)
D

where the first (second) term on the right-hand side is absent if the top (bottom)
boundary is free, i.e. if (2.4b) [(2.5b)] is chosen, instead of (2.4a) [(2.5a)].
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Therefore, if any of the horizontal boundaries is rigid and the corresponding
topography 7 is x-dependent, ¢,7 % 0, then .#* is not conserved, §, #* £ 0, or,
equivalently, J is not invariant under x-translations, §, # £ 0. In (2.7), 5 seems
to be z-independent, because the right-hand side is written explicitly in terms of
(u,v,§), i.e. in terms of the streamfunction, instead of ¢ and y: in the case of a
non-symmetric topography, the calculation of the field ¢ from (g,7y) introduces an
implicit z-dependence in the Hamiltonian.

If each horizontal boundary is either free or has an x-independent topography,
then {#*, #} =0, i.c. #* is conserved and 3 is x-independent. This implies also a
symmetry of the problem, namely, making an infinitesimal z-translation of the
initial condition and then letting the system evolve is equivalent to performing both
operations in reverse order. For an admissible functional of state, the difference
between both infinitesimal operations is

8,(0, ) —8,(8, ) = S St M {AL, H}}— S SH{M*, o'}, H};

the right-hand side is equal to 8x 8H{{¢, #*}, &/}, by virtue of the Jacobi identity
(2.10), and therefore vanishes, in the case under consideration.

An equation similar to (2.17) for .#¥ or .#* involves also a contribution from the
non-symmetric £ term. Recall that existence of .#Y¥ or #® requires 0D to have the
corresponding symmetry ; for the conservation of either one it is also necessary not
only that any topography be symmetric, but also that g = 0.

In sum, the integrals of motion at our disposal are the energy & (which coincides
with the Hamiltonian 3#), the Casimirs ¥ and, if the boundary allows, the
appropriate momenta .#. A Casimir may sometimes be added to ## and/or .# in
order to build an integral of motion (pseudoenergy and/or pseudomomentum) which
is quadratic to lowest order in the deviation from a given state, say, (¢,y) = (@, 1.
Namely, defining the first variation %, the second one §2%, etc., in terms of the
total variation A%, for any functional of state #[q,v] in the form

AF = F([Q+6q, T+ 06y|— F[Q, IN=0F +102F +18°F + ..., (2.18)
with 8"F = G(dq,0y)",

the quest is, given the basic state (@, 1), to find & such that 6% = 0,V(dq, ).

For instance, in the §-plane the total enstrophy (variance of potential vorticity) is
proportional to the pseudomomentum relative to the resting ocean (Ripa 1981 a), e.g.
in the equivalent barotropic case without topography (Benzi et al. 1982) its density
8 Hqg—Py)? =3¢ — pM*—V - (ByVy) —1ip%?, i.e. —f times the pseudomomentum,
plus some trivially constant terms. In the J- plane, on the other hand, the enstrophy
of any layer which is conserved is but a particular Casimir, namely, F;(q) = }¢°d,, in
(2.14) for the sth layer. The limit §— 0 is singular, in the sense that the connection
between (Eulerian) integrals of motion and (Lagrangian) symmetries is partially lost
(Ripa 1981b).

3. Nonlinear stability and instability conditions

In this section I will derive sufficient stability (or necessary instability) conditions
from the integrals of motion derived in the previous section. They apply to
perturbations with an arbitrary structure. The cases of non-parallel and symmetric
flows are treated separately. In both cases the law of pseudoenergy conservation is
used, but in the second one the pseudomomentum is also available, raising the
possibility of more powerful conditions.
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If the state of the system is split, at any time, in the form ¢ = ¢ +dg and y = I'+dy
(where uppercase symbols denote variables in a (given) basic state), the quest is to
find conditions on (@, I') that prevent the growth of some measure of the perturbation
(8g, 8y). Two definitions of stability will be used here (Holm et al. 1985; Mclntyre &
Shepherd 1987). Formal stability is based on the existence of a Lyapunov functional
F{q,v] which is an integral of motion, ¥[q,v],., = constant V(g,7),.,, and is an
isolated minimum (or maximum) at this state, % =0 and 2% > 0 (or %% < 0)
Y(dq, 8v); recall (2.18). Nonlinear stability, on the other hand, means that there exists
a norm of the perturbation |(dg,dy)| which is bounded by a multiple of its original
value. This, for instance, can be proved when the total variation of & satisfies a ||(dq,
M® < |AZ| < Al(dq, )13, for some positive constants e and 4: constancy of AY
implies ||(3q, 8Y)|,- o < (A4/a)? (8¢, 8y),-,. Nonlinear stability implies formal stab-
ility, which in turn implies normal modes stability; therefore, normal modes
instability implies formal instability, which in turn implies normed instability.

The set of basic states whose stability can be studied by this method is quite
restricted. In the first place, constancy of & implies that it may be constructed from
the energy &, all Casimirs €, and any conserved momentum 4. Secondly, the
condition 4% = 0 implies that {&, &/} =0 at ( = (@, NVAq,v], ie. (@ 1) is
invariant under the infinitesimal transformatlon generated by &. Consequently, the
basic state (@, ") must be either steady, & = & +%,, or symmetric, & = A +%,.

3.1. Non-parallel steady flow
If the basic state is steady, 0, ¥; = 0, (2.12) implies J(¥, @) = 0, in each layer, i.e.
¥, = ¥,(Q,) (for a discussion of multivalued functions ¥(¢), see McIntyre & Shepherd
1987) and there is, at most, one Casimir %, such that 6. = 0, with & = & + %, (recall
that & = ). The Lyapunov functional is, then, the pseudoenergy

= (A—-8) & + (A —48) 6, = constant. (3.1)
The energy part of A takes the form
1 o
a-¢ =1 [ @ S oot Soeer) =vral 62
D j=1 j=a

where 2 and £ are defined in (2.4) and (2.5) ; the inner product (8, 8] is here defined
for future use. Notice that (A—98)& = 1828, i.e. "€ = 0Vn > 2; this is unlike the
PEM case, for which 6°€ % 0. Since 6¢ /dq; = — ¥, at (q,v) = (@, I'), the Casimir part
of A¥ takes the form

N
(A-0)% = f d’z 3, Hj Uj(Qja 69_1) = (o>, (3.3)
D j=1
Q;+d;
with 7@, 8, ==f [¥(s) — ¥,(@,)] ds
< (3.4)

~ V(@) (9g;)* + O(dq,)?,
and ..)=[[ a2 H,
Unlike the case of primitive equations, 626 is a priori positive definite; formal
stability is then guaranteed if

d¥,

>0, 3.5
Q. (3.5)
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which implies 424, positive definite. In order to prove normed stability, ssume that
there exist pairs of positive constants a; and A4, such that

0 < a; < 0,(Q;,0q;)/0q; < A; (Vog; * 0); (3.6)
constancy of AY 1mp11es <3u +a;0¢8,, o < {0uj+A4,8q),_, and therefore deﬁnlng
ll(dq, &y)|| = {0u + a,dq} >t then follows that [(dq,dy)ll,., < Max (4;/a,) ll dq,
Y ¢

Conditions (3.5) and (3.6) constitute Arnol’d’s first theorem for the general layered
QGM of the last section; they were first obtained by Benzi et al. (1982) for a one-layer
case with a free surface and by Holm et al. (1985) for the multi-layer problem with
rigid horizontal boundaries (and g; and H; independent of j). They have the same
form as in the continuously stratified case with isopycnal horizontal boundaries
(Swaters 1986 ; McIntyre & Shepherd 1987), in sharp contrast with the PEM, for
which the layered and continuously stratified cases have quite different a prior
stability properties (Ripa 1990).

For the purposes of the following section, however, I need to derive Arnol'd’s
second theorem, which guarantees stability in cases where d¥/dQ is negative
everywhere, instead of (3.5). This might be possible in systems with free boundaries
(Benzi et al. 1982) and/or for domains D that are small enough in at least one
dimension (McIntyre & Shepherd 1987) because, since ¢y is a (non-local) function of
(8g,8y), the wave energy &°6 may be bounded by |62%,| (= —4&%%,) so that the
pseudoenergy 826 + 8%¢, is negative definite. This is not possible with the PEM (e.g.
the shallow-water equations) because in this case the potential vorticity field does
not determine uniquely the velocity and mass fields: the null space in the derivation
of (6u, 8¢) from dq are the Poincaré waves, which are explicitly filtered out in the
quasi-geostrophic approximation (Ripa 1981b).

Arnol’d’s second theorem is usually derived assuming 6y = 0. Certainly, constancy
of Kelvin circulations (2.14) implies that any dy is time-independent, and a
perturbation (d8q,dy) from (@,I) is equivalent to the perturbation (d¢,0) from
(@, I'+dy). However, it ought to be proved that going from (@, I) to (¢g,vy) in two
steps, passing through (@, I'+dy), involves a well-defined norm; i.e. the stability
theorem with &y £ 0 is unavoidable. This is done next:

Let the perturbation streamfunction be split into the parts ‘induced’ by 8¢ and éy,
the latter chosen to have vanishing potential vorticity perturbation

Sy, t) = ST+ 8y (3.7)

since 8y is a linear function of 8¢ and dy, albeit a non-local one, this decomposition
is well posed. This is done by first performing the expansions

8q,(x, 1) ZA’s (x), (3.8a)
6}/,.——6)/]. = ;Bf s (3.8b)

where the G are the vertical normal modes (with eigenvalue ), and the y(x) are the
eigensolutions of the Helmholtz equation (with eigenvalue A2), defined in (A 1), (A 2)
and (A 4), respectively. In (3.8b), 8y represents the Kelvin circulation perturbation
due to the expansion in (3.8a); this point will be clarified at the end of this section
with the particular case of a channel.

The first contribution to (3.7) is then

SYf(x,t) = — 2 (AT+ R %) LAY G X, (). (3.9)
1,8
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The parameter R,, equal to (f2u,)%, is the Rossby deformation radius corresponding
to the Ith vertical mode. The second contribution is

x) = £ 0 GL6;(x), (3.10)
v, 1

where the C} are proportional to the B}, and the 8, and the 8(x) are defined, in (A 5),
in such a way that there is no potential vorticity perturbation associated to &y”.
Now, the wave energy, the integral of (3.2), takes the form (A—98)& = [8y7,
O]+ 2[0y Y, 8y7] + [8y?, 0y?); where [0y7, 8¢7] is time independent, by construction.
The key property (proved in Appendix A), that allows for the derivation of Arnol’d’s
second theorem even with §y % 0, is that the crossed term vanish identically, i.e.

2[0y7, 8y7)= L d"’x( ,ﬁ H, V6§-V£¢;f+jf} g; 883 ag) =0. (3.11)

Consequently, the only time-dependent term in the wave energy is [6y?,6y7] =
N ZS/\'“’ ((G; X:)2. On the other hand, it is easy to prove that
|A2|2

(o> = ((G’X8 2%. From (3.1)-(3.4) it follows that if
‘;—Zf < —(A24+R;) (3.12)

then the pseudoenergy 626 + 82§, — minus the trivial constant [§y7, 6y7] — is negative
definite and therefore the basic flow is formally stable; A2 is the gravest eigenvalue
of the Helmholtz equation (A 4) and R, is the deformation radius corresponding to
the gravest vertical normal mode compatible with the boundary conditions. If a
basic flow is unstable and the stability condition is violated by the A and R of just
a few modes, then a growing perturbation must have a finite amplitude in those
modes.
Normed stability can be proved if there are two positive constants a and 4, such
that
(A+E) ™ <a < —0y(Q,, 8q,)/8q;~' <A (Yog +0); (3.13)

this implies [@a—(A2+R;%) <8¢ < aldg®)—(A—8)& < —2A(+%6,) < —2A%, <
A{8¢*>. Consequently (8q'“’> whose square root; qualifies as a norm of the
perturbation, is bounded, at any time, by its initial value times 4/[a— (A2+ R;2)71].

The stability conditions (3.12) and (3.13) reduce to those of Arnol’d (1965, 1966)
in the case of plane flow, B;? = 0; moreover, (3.12) becomes that of Benzi et al. (1982)
for the equlvalent barotroplc case in the infinite plane A2 = 0. Since condition (3.12)
is expressed in terms of the eigenvalues of the gravest modes, it does not change if
the model is improved by adding more and more layers, all the way up to the
continuously stratified case (with isopycnal horizontal boundaries) in which the
conditions of Swaters (1986) and McIntyre & Shepherd (1987) are recovered. This
property of the QGM is completely the opposite of the PEM, whose stability
conditions change drastically with the vertical definition of the model (Ripa 1991a).

3.2. Symmetric basic flow

If the Hamiltonian has some spatial symmetry (or, equivalently, the corresponding
momentum is conserved), [.#,#] =0, then solutions of the formal stability
conditions (3.5) or (3.12) must be themselves invariant under the transformation
generated by ., in virtue of Andrews’ theorem (1984; see also Ripa 19915). If
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the basic flow is x-symmetric, then there is at most one Casimir %, such that
M AMAT+ %) = 0; if it is axisymmetric, then there is at most one Casimir %, such that
M AM*+%,) = 0. In either case, one may be tempted to use the pseudomomentum
A +% in order to prove the stability of a basic flow that is symmetric but not
necessarily steady; however such a state does not seem to exist for QGM.+

Consider, therefore, a basic flow which is both steady and symmetric : the optimum
choice for &% is an arbitrary combination of the pseudoenergy (§+%,) and the
pseudomomentum (A*+%, or H#*+E6,), say

S =E—all+%, (3.14)

with an arbitrary «, where € =%,—a%, or ¥ =%,—a%, in the parallel or
axisymmetric cases, respectively (a has dimensions of linear or angular velocity, in
each case). Since 0.#%/0q; = y and .4*/dq; = —§(x® +y®) (= —§r?), all the formulae
for the steady basic flow carry on, with the sole replacement ¥(s) > ¥;(s)+aY(s), in
the parallel case, or ¥;(s) > ¥;(s) —3aR(s)?, for the axisymmetric one, where Y;(Q;)
and R,();) are the inverse functions of @,(y) and @,(r), respectively.

In the parallel case, then, formal stability is guaranteed when there is any value of
a, such that

Uiz (3.15)
Qj,y
(first theorem), or
Yma s a4 myoy (3.16)
@,y

(second theorem), everywhere.} Furthermore, normed stability requires the existence
of two constants b and B, such that

bdg® < J%Hq [¥(s) — ¥(Q;) —aY(s)+aY(@;)]ds < Bég®, (3.17)
Q;

and either b > 0 (first theorem) or B < — (A2+ R;?)™! (second theorem). Lipps (1963)
and Pedlosky (1964) obtained normal modes stability conditions which are
equivalent to the a term in (3.15), i.e. using pseudomomentum conservation, in the
notation of this paper.

Instability conditions are that for any value of a both (3.15) and (3.16) must be
violated somewhere; a growing perturbation must have an appreciable amplitude
where that violation takes place, in order to be able to make A¥ = 0.

In the following two sections, I will apply these results to two examples of quasi-
geostrophic instability : the sinusoidal profile in a one-layer model with a free surface,
and Phillips’ (1954) two-layer problem with rigid horizontal boundaries; these
models represent the two following steps from the plane flow studied by Arnol’d
(1965, 1966). Optimum application of the second theorem, with both pseudoenergy
and pseudomomentum conservation (the arbitrariness of a is crucial), results in
nonlinear stability conditions, which happen to coincide with those for normal
modes. Wave energy and Casimir integrals are calculated for that mode.

T Unlike the case of PEM (Ripa 1991a). This resembles the fact that a Rossby wave with
vanishing zonal wavenumber (and thus symmetric) has also zero frequency (i.e. it is steady); this
is not true for Poincaré waves.

I For axisymmetric basic flows, (U—a)/@, should be replaced by —(2—a)r/@Q,, where £,(r) is
the local angular velocity of the basic flow.
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In both cases, the horizontal domain D is chosen to be the channel Y1 <Y < Y,
whose width is denoted by L=y, —y,. The eigensolutions of the Helmholtz equation
(A 4), used in the expansion of dq, are of the form

Xs(%) oc exp (ik, 2) sin (I,(y —y,)) (3.18)

with sin (I, L) = 0 and A2 = k24 [2; the gravest mode corresponds to k, = 0, [, = nt/L,
i.e. Ay = n/L. Notice that there is a finite 8y owing to those y, with k, = 0; this must
be subtracted from the actual value of 8y before doing the expansion (3.85). The basis
for 8y” is of the form 6)(x) oc cosh ((y—y,)/R,;), v=1,2.

4. Sinusoidal profile in the equivalent barotropic model

Consider the system studied by Benzi ef al. (1982): one-layer model with a finite
deformation radius R ; this corresponds to N = 1 in (2.1)—(2.3), and the choices (2.4b)
and (2.5a), with 7, = 0. Consequently ¢, = V¥, —f, & /H, + By and &, = f, ¥, /¢, i.e.
(omitting the unnecessary subscript) ¢ = V% —R™%*y with R*=g'H/f% Formal
stability conditions (3.15) and (3.16) for a parallel flow in this model read

U—a 1

m<0 or >W, (4.1(1, b)
the term R~2U on the left-hand side shows that only the problem without free surface
(R72 = 0) has the property of ‘Doppler shift’ (White 1982), which may be mistaken
for a Galilean invariance.
Consider the zonal flow
U = U,sin (4dy)— pR?; 4.2)

the term AR? is chosen so that £ effects cancel out in this problem. If the basic flow
is unstable, then both conditions (4.1a) (first theorem) and (4.154) (second theorem)
must be violated, for any value of a. Violation of (4.1a) with |«| sufficiently large
requires that f— U”+ R~2U have a zero within the channel. Violation of (4.15) with
a = — fBR? yields

AL > T, (4.3)

as a necessary condition of instability; I will show next that this condition is also
sufficient for normal modes instability. Making

oyY? = e Re [F(y) e*=P]+ O(e%),

in the linearized potential vorticity equation, (9,—U?Q,)dg+dv@, = 0, it is easily
obtained
(U—c)(F"—(k*+R~*) F)— (B—U"+R*U)F = 0, (4.4)

and the boundary conditions kF = 0 at y = y, and y = y,; this equation has the same
properties as that obtained for the Rayleigh problem in the plane without rotation,
B =0=R"? (Drazin & Howard 1966, pp. 7-9): The eigenvalue ¢ at the onset of
instability, i.e. for k® near the critical value k% is obtained looking for an
eigenfunction of (4.4), belonging to the discrete set, with ¢ equal to the value of U at
the point where f—U"+R™*U (= Q’) vanishes: this is given by

Fc = sin (lc(y_yl))’ Ce = _ﬂRz’ kg = Az_ltzz’ (4.5)

where [ = /L. Therefore the sinusoidal profile is unstable to normal modes (k, real)
if (4.3) is satisficd, which is the same condition as that found in the non-rotating case
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(Drazin & Howard, 1966, p. 35). The second theorem, with the optimum value of a,
is in this case not only sufficient but also necessary for formal stability; proof of
nonlinear stability is in this case a trivial matter, because for this basic flow
(A—0)(%,— a®)) = 16%%,—a%,), at & = — fR?, and therefore (—AS)t can be used as
a (time independent) norm of the perturbation; this corresponds to b = B in (3.17).

Even though the deformation radius R does not appear in the instability condition
(4.3), its value is important for the dynamics, as shown next. Following Drazin &
Howard (1966, pp. 12-13) integrate F_(y)F(y)—F.(y)F"(y) between y =y, and
¥ = Y,, and then make k*1 kZ, to obtain

Y2 Yo 1 . Q’
(kz—kﬁ)f dyF? ~ (c—cc)f dy ([P’ U—o T 11t8(U—cc))F§ (4.6)

bl
" v U—c,

where P denotes the Cauchy principal value of the integral, and the minus (plus) sign
corresponds to Im (c) positive (negative). In the case of the sine profile (4.2), using
(4.5) in (4.6) and assuming y, = —y,, for simplicity,

2n(A+R%) |Im (c)| ~ ALIU,| (k2= k) as k*1 2 (4.7)

is obtained; a finite deformation radius produces a weaker growth rate, for
everything else fixed, than the case of the plane flow, R72 = 0.

Let me finish this section by presenting the value of the pseudoenergy and
pseudomomentum integrals. At the onset of instability, k* = k2—0, the wave kinetic
and potential energies and the wave Casimirs are found to be

U—a

Jd% ((VM")Z,R‘Z(W"V, —ﬂ—_m@q)?) = (0°8, 0°6,), 0°%, — ad™,)

o (A2, R, — A2—R7?);

consequently, the wave pseudoenergy vanishes, 03(&+%,) =0, as it should for a
growing or decaying perturbation. The integral of 6*(%,—a%,) is calculated, with the
eigensolution in (4.5), for a = — #R? so as to cancel the singularity at y = 0. However,
for k% < k? it is 6°%, = 0, because the wave pseudomomentum must also vanish, and
02 = 0 for quasi-geostrophic models.

5. Phillips’ problem

In this section, I will consider a two-layer system, with # = 0, and with rigid and
horizontal boundaries, i.e. N = 2 in (2.1)—(2.3) and the choices (2.4a) and (2.5a), with
7o = 7, = 0. I will assume, furthermore, that the basic flow is parallel, with constant
currents U, and U, in each layer; this is an example of baroclinic instability, whereas
that of the last section was barotropic. This model was first developed by Phillips’
(1951, 1954); Gill, Green & Simmons (1974) introduced the improvements of § %+ 0,
topography, and unequal thicknesses (only the last one, H; + H,, is made here).

The potential vorticity for the basic state is given by Q, = y(U,—U,_,) f3/9'H,,j =
1,2. Formal stability in the form of Arnol’d’s first theorem (pseudoenergy positive
definite) cannot be proved, because (3.15) is violated for any «; in order to overcome
this difficulty Henrotay (1983) included dissipation and applied the Lyapunov
method in the form d[6*( —a®,)]/dt < 0, i.e. using only the sign-definite terms of
pseudoenergy and pseudomomentum. Let me instead try for Arnol'd’s second
theorem.
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The gravest mode corresponds to A, = n/L, for the horizontal mode (3.18), and
o =0 (R;?=0), for the vertical one (barotropic mode). Equation (3.16) then
reads (U—a)/@, > L?/n?, for some a and j = 1,2, which implies

U,  fil? o U, 2L2

U,-U, gHn* ~ U,—-0, ~ U,—U, gH,n*

In order for an « satisfying these inequalities to exist, it is necessary that the left-
hand side be larger than the right-hand side, namely

g'H H,/(H,+H,) > (fyL/m)? (6.1)

(i.e. L/m must be smaller than the internal deformation radius). This is the stability
condition derived from Arnol’d’s second theorem, using the same bound for both
coefficients (U—a)/@, in the wave Casimir; it is shown next that (5.1) is too
restrictive as a stability condition (unless H, = H,).

In order to prove Arnol’d’s second theorem in its strongest form, let me start by
making the expansion

s, =~ T ReBg0 ) (=12,

for a general potential vorticity perturbation. Doing likewise for dy¢(x,t) and using
(2.1)-(2.3), it is found that

(26, + 1), + ¢,
=R
92,92(2/<1 Ko+ K+ K,)

Sy = ReE £+ 2k, +1) €,

2(26, ky+ K +K) " °

with k8= L(k2+12) g H,/f2. (5.2)

8

8

(The superscript s in £ and «, and the arguments of £ and y, are omitted for
simplicity). Using this in the energy part of the Lyapunov functional &, (3.14), gives

(2kp+ 1) €,1° + (26, +1) |, + 2 Re (€1 £,)

A— ; 5.3
(A=0)§ec 2(2K; Ky + Ky + K3) (63)
the corresponding Casimir part is
- 2y Uy—a 1
(8-0% e 3~ PG+ 1), 5.4

Notice that not only is the wave energy exactly quadratic, (A—8) & = 366 (which is
a peculiarity of the quasi-geostrophic models), but, in this problem, so is the wave
Casimir, (A—9)% = 36°¢, because (U—a)/@), is constant in each layer. Therefore,
A¥ is exactly given by terms of the form > MY £¥ £, where each 2 x 2 matrix M,
is a function of A%

The ‘orthodox’ application of the second theorem corresponds to finding a
common bound to both terms in (5.4) ; instead, necessary and sufficient condition for
2 M gx £, to be negative definite are Tr (M,) < 0 and Det (M,) > 0. This need only
be required for the gravest mode (lowest A2), because the contribution of higher
modes to (A—4§)& is smaller relative to their contribution to (A—4&)%, i.e. the
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k=1 k<1
Im(c)=0 Im(c)+0
828, 2x? 2k
0?8, k—1 1—«
U,+U,—2a
2 1 1—2«*F 22227 -
8¢ ( +K)( K + U0, ) (1+«)

0

U +U,—
Py 2(1+x)(x—x2$25M>

U,-0,
TabLE 1. Contribution of a single normal mode to the wave kinetic & potential energies and to the

wave Casgimir; the sum of the three terms (pseudoenergy — a pseudomomentum) is an integral of
motion.

derivative of each term in series (5.3) with respect to «, or «, is negative definite. The
matrix M, calculated from the sum of (5.3) and (5.4), gives

o 1=2k K
2K, K+ K Ky
Ky KoKy Kg— 1) 1[ Ki—Ky 20— Ul—U2]2

Det (M) = -
et (M) (2K, Ky + K+ K,) 42 K+ K+ K, U,-U,

Tr (M)

A sufficient condition for formal stability, Tr (M) < 0 and Det (M) > 0, is therefore
obtained using that value of « that makes the expression between braces vanish : this

condition is simply «;«, > 1; using the values of «; (5.2) for the gravest mode,
k=0and L = wn/L, it follows that

g'(H, H,) > 2(f, L/7)? (5.5)

is a sufficient condition for nonlinear, or normed, stability. This condition is more
powerful than (5.1) (which corresponds to demanding 7'+ &3 < 2, instead of «, «,
> 1), because it assures the stability of more systems. Notice that in order to obtain
(6.1) and (5.5) it was crucial to be able to use an arbitrary a.
I will now calculate the normal modes (further details are given in Appendix B).
Using .
¥; = —U;y+eRe [y, €D Tsin (ly) + O(e?), (5.6)

in the equations of motion, (2.12), results in the eigenvalue

_ ki(1+x,) Uy +x,(L+x) U, £ (U, —U,) E

€= Kyt Ky + 2K, K, ’ (6.7)
and the eigenvector )
(%)=Gﬁ:ﬁﬁi£%’ (5.8)
Vv, —Kk, tK K FE
where F? =k, kylk,—1). (6.9)

Short enough modes cannot grow, ie. (k*+12)g'(H,H,)> 2f;=>Im(c)=0, in
agreement with (5.5); as pointed out above, nonlinear stability implies stability to
normal modes disturbances.

Table 1 shows the kinetic and potential wave energy, 6%6, and 6°€,,, and the wave
Casimir, §2¢, all calculated to O(¢?) and for the particular case H, = H,, for simplicity
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(the expressions for the general case H, + H,, are given in Appendix B). Notice that
for just one growing, or decaying, normal mode, Im (kc) + 0, it is 624 = 0, because
it is both 624 = constant and 0% o exp [2Im (kc)¢]; the ‘lines’ 62 = 0 in phase
space (which represent a compensation between the wave energy, 626, and the wave
Casimir, 0%, — ad%%,) are the stable and unstable manifolds of linearized dynamics.
Of course, a pair of growing and decaying normal modes, with opposite values of Im
(kc), will have a finite contribution 6%2% = constant % 0 (Held 1985), proportional to
the product of both amplitudes, indicating that (g,y) = (@, is a ‘saddle point’ in
phase space.

In writing table 1 from equations (B 2)~(B 6), a common factor «*/1—«| was
eliminated. For the more general case, H, + H,, from analysis of expression (B 4),
which gives §2% for neutral modes («, k, > 1), it is seen that 624 might have either
sign, but tends to zero as «, «, 1 1. For instance,

2 = 2k, Ky(k kg — 1) (K + Ky —KE—K3)
+ E(K;—Kg) [2k, KoL — Ky — Kp) + Ky + K]

for the particular value a=3}U,+U,), and k,k,<1; as explained before,
Ky ky > 1=>82% = 0. It is clear that for each of the stable perturbations, % —0
as the neutral stability curve is approached (i.e. «, x, | 1).

Sakai (1989) studied the case H, = H, and pointed out that if one calculates
eigensolutions for each layer, decoupled from the other, their pseudomomenta have
opposite signs and their frequencies coincide inside the instability region of the
coupled problem; he calls this a ‘resonance’ phenomenon. For the case of arbitrary
depths this is found to occur, equating both expressions between braces in (B 1), at
Kk, k, = 1, which is within the instability region (x, k, < 1). Sakai’s method is clearly
useful for the construction of a complete basis (for the expansion of the perturbation)
and for a priori aiming to the instability region; however, I consider that there is an
overuse of the word resonance, since both components are not always physically
meaningful ones, but rather mathematical constructs. It is also interesting to point
out that the pseudoenergies of the decoupled solutions need not have opposite signs.

6. Conclusions

The total variation of any functional #[¢] may be considered a functional of the
basie state and perturbation fields,

ASF = AJ([D, 8¢];
that is also true for every term in the expansion of A (4,362, etc.). For QGM, ¢ may
be taken as the potential vorticity ¢, because the contribution of dy to the
pseudoenergy and pseudomomentum integrals is orthogonal to that due to dq, as
shown in Appendix A. If now ¢ is expanded as
0p ~ dpWVe+0dPe?+ 8P + ..
as €—>0, and £ is an integral of motion, AF =0, it follows
8F(D, 8¢V =0,
SF[D, 6P| +1824[D, 0¢V] = 0,
etc. The first equation is usually a trivial one; e.g. for a parallel basic state, 0, @ = 0,

and a non-symmetric perturbation, 8¢ oc e!** with k + 0, d.# vanishes identically.
The second equation gives a balance between the rate of change of the ‘wave’
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contribution to the integral of motion, 162.#[®, §¢], and that due to the rectification
of the ‘mean flow’, 8.9[®, 8¢®]. In particular, from pseudoenergy conservation it is

S8[®, 0u®] = — 86D, 6] = —1828(®, 8] = §5°6,| P, 66 V)];

these equations may, of course, be proved directly from the evolution equations of
3¢M and 8¢ (and for a general, not necessarily parallel, basic flow). Finally, for the
pseudomomentum (in the case of a symmetric basic flow) it is similarly found that

OM[D,ouP] = —84,[D, 5u®] = —10°M( D, 6] = 126D, dpP).

For QGM it is 824 = 0, and therefore the rate of change of the other three integrals
vanish identically, and wave energy is positive definite. Consequently, the induced
variation of mean flow energy is negative, whereas wave and mean flow momenta are
both exactly zero; there is no net momentum induced by the waves. These are
peculiarities of the QGM which, in general, are not found for those models based in
the primitive equations (e.g. Kelvin—-Helmholtz instability is an example where wave
energy vanishes).

From the point of view of instability theory, quasi-geostrophic theory belongs
(together with plane flow) to the class of models in which more information can be
extracted from the integrals of motion, namely, conditions for nonlinear or normed
stability and Arnol’d’s second theorem. In contrast, primitive equations models at
most can long for formal stability conditions in the sense of Arnol’d’s first theorem,
if layered in the vertical, or just normal modes conditions, if continuously stratified
(Ripa 1990, 1991a).

The reason why it is possible here to pose the convexity estimates for the
pseudoenergy integral, in order to prove normed stability, is that (A —§) & is exactly
quadratic in the perturbation, (A—¢)& = 1626, whilst (A—8)%,, which may have
higher-order contributions ("%, & 0 for some » larger than two), is a functional of a
single field, namely, dq. On the contrary, it is not possible to establish nonlinear
stability for the shallow-water equations {or, in general, primitive equation layered
models), because §3¢ does not vanish, and furthermore is a functional of three
independent fields, éu, dv and éh. Similar arguments follow for the pseudomomentum.

Probably the most striking difference between quasi-geostrophic and primitive
equation models is that in the former it may be possible to prove stability in cases
where 0°%, (or 6°€,) is not positive definite (Arnol’d’s second theorem), choosing a
value of a such that 6°%,—ad%€, is negative definite and larger in magnitude than
0% — 6?4 . This is done here for Phillips’ baroclinic instability problem (without £
or topographic effects) using, furthermore, the total variations of the integrals, not
just the second-order one. It is thereby shown that

g'(H, Hy) > 2(f, L/m)?

is indeed a condition for nonlinear quasi-geostrophic stability, for any shear. In
contrast, the corresponding ageostrophic one (f = 0), i.e. Kelvin—Helmholtz formal
stability condition (Ripa 1990),

g (H +H,) > (U, —U,)*,

does depend on the value of the shear, and has a completely different meaning: it
guarantees that the wave energy be positive definite.
A similar analysis is done for a sinusoidal flow in the equivalent barotropic model:
Arnol’d’s second theorem gives
AL <
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(where A is the wavenumber of the basic flow), which again is found to be not only
sufficient, but also necessary for stability. This condition happens to be the same as
in the case without rotation: the main effect of a non-vanishing value of f; is a
weakening of the growth rate. It is sometimes stated that the Coriolis force has a
‘stabilizing’ effect in planetary flows; it might be argued that this weakening of the
growth rate is an example of such purported effect. However, in Phillips’ problem,
discussed above, the effect is the opposite : instability for |f,| above a certain threshold
(this is also appreciated in the fully ageostrophic calculation of Sakai 1989). Coriolis
effects may be ‘stabilizing’ or ‘destabilizing’ depending upon the example; there is
no general principle.

Yet another way to analyse the differences between quasi-geostrophic and
primitive equations models is to obtain, in both cases, the continuously stratified
model as the limit of a layered case, as N—> 0o and H;— 0. For primitive equations
models, as the number of layers increases it is harder and harder to assure that the
wave energy be positive definite (Ripa 1991a), to the point that there is no formal
stability (let alone normed stability) condition in the continuously stratified case
(Ripa 1990). For quasi-geostrophic models, on the other hand, wave energy is a priori
positive definite, and there are no major difficulties with the continuously stratified
limit. In fact, all the results of §§2 and 3 (Hamiltonian, Poisson bracket and the
various stability conditions) are easily generalizable to the continuous case (McIntyre
& Shepherd 1987), with isopycnal top and bottom boundaries, by simply replacing

H,;... for f dz... (non-isopycnal boundaries require the introduction of additional
state variables; Holm 1986).

This work was funded by México’s Secretaria de Programacidon y Presupuesto
through CICESE’s normal funding. Pepe Ochoa and Ted Shepherd were very helpful
with corrections to the manuscript.

Appendix A. Expansion basis for Arnol’d’s second theorem
The vertical normal modes are defined by (Ripa 1986)
@ =G =g Ft (j=1,...,N—1),
Fl _Fl

G;=—%i(j—1,...,N),
J

(A1)

with the end conditions, corresponding to rigid or free boundaries, as in (2.4) and
(2.5),

Ft =0 or ‘FL =@,
“ito PiGot'o 1 } (A 2)

mFy=0 or wgyFy=0y.
From (A 1) it is easy to obtain

N N-1
S H,GGr =Fr G —Fn @+, 3 g, FiFD,
J=1 J=1

Each of the first and second terms on the right-hand side either vanishes or is
incorporated into the last summation, corresponding to the choice of a rigid (left) or
free (right) boundary condition in (A 2). If both boundaries are rigid, left-most
possibility in (A 2), then the gravest (barotropic) mode corresponds to x4 = 0 and does
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not contribute to the potential energy. All other (baroclinic) modes have 4 > 0. For
any choice of end conditions in (A 2), it is

N
S H,GLGT o 8y, (A 3a)
F=1
4 N
Pt 2 G FFT =, 3 H, QLGP (A 3b)
J=a j=1

where « and £ are defined in (2.4) and (2.5). There are N eigensolutions which form
a complete and orthogonal basis for the expansion of §g and &y, and thus of ¢ (as
done in (3.8)—(3.10)).

The y(x), used in (3.8), are the eigensolutions of the Helmholtz equation

(V242D x,(x) =0 (xeD), |

X(x) =0 (xedD),] (A44)
from which (3.9) follows. Finally, the #(x), used in (3.10) are the solutions of
(V2—R;%)6;(x) =0 (xeD)
n-Vo(x)=1 (xe0D,), (A 5)
n-Voj(x) =0 (xedD,;t+v),

where R7%=y, f; the differential equation was chosen so that there is no potential
vorticity perturbation associated with 8y”.
The following orthogonality conditions between horizontal structure functions,

j d*zVy}-Vy, = A?J d*zy} ¥, C O, (A 6a)
D D

f E2VOVyt = —f2u, f &2y, (A 6b)
D D

are easily obtained from (A 4) and (A 5).

The key ingredient to derive Arnol’d’s second theorem with &y £0 is the
orthogonality (3.11) of dyr? and 8y7, in the wave energy sense. In order to prove it,
first of all notice that if &y, = M, G} then 6¢; = 2 M, Fi, by virtue of definition
(2.2) and (A 1). Then notice that in the vertical sums of (3.2), crossed terms
corresponding to different vertical modes vanish identically, because of the
orthogonality conditions (A 3). Therefore, the horizontal integral of (3.11) reduces,
after using (A 3b), to that of V&;-Vyx¥+f3 u, 6, x¥, which vanishes because of (A 6b).

Appendix B. Normal modes of Phillips’ problem
Substitution of (5.6) in (2.12) results in the O(¢) linearized equations
(U—c)q”+Qy1ff = 0, in each layer, i.e. the two equations
(2k,U;— )+ Uy~ ]9, — (U;—¢) ;= O, (B 1)

where the « are given in (5.2). Requiring the determinant of this homogeneous
system to vanish, the eigenvalue is obtained (5.7). The eigenvector is of the form

gy oc C[26,(U, — )+ Uy — €]+ Cy(U, —o),
Yo o€ Co[2k) (U — )+ Uy —c] +C,(Uy—c),
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where the C; are arbitrary ; choosing them as C; oc k;_; results in the expression (5.8).
Calculating the wave energies and Casimir for just one normal mode results in the
following :

For k, k, > 1 (neutral modes) it is

026, = 2k, Kky[Ky Ky(Ky + Ky —2) £ E(k, —K,)], (B 2a)
028, = j(x, + K, — 2K, k)2, (B 2b)

for the kinetic and potential wave energies, and
0%€ = (2¢,k,—1 125U, +U,—2a)/(U,—U,)) O (B 3)

for the wave Casimir, where @ = k, k,— (k, kK, —3) (k3 + k%) F E(k}—«2), and Z'is given
by (5.9). Equation (B 3) with a = 0 gives §2%,, i.e. the Casimir contribution to the
pseudoenergy ; the term proportional to «, on the other hand, gives §*%,, the Casimir
contribution to the pseudomomentum. Finally, adding (B 2) and (B 3), the wave
contribution to the general second-order integral of motion ‘pseudoenergy —a
pseudomomentum’ is obtained

BF = 2K, Ky(ky Ky —1) (k) + K, — k] —«3)
T E((ky — Kq) 26y ky(1 — Ky — ) + 6+ K,) +2(U, + U, —2a) / (U, — U,) ©). (B 4)

The corresponding expressions for just one growing, or decaying, normal mode
(k 1k, £ 1) are
026, = 2k, kylky + Ky — 2k, Ky), (B 5)

for the wave kinetic energy, (B 25b) for the potential one, and
%€ = 2«3 ki —3Kk, +Ky)2 (B 6)

Addition of (B 2b), (B 5) and (B 6) gives 6. = 0, as it should, because it is both time
independent and proportional to exp [2 Im (kc)].

The expressions in table 1, are those in this Appendix for the particular case
K, = K,, without the common factor %1 —«]|.
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